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Abstract
Let X be a separable metric space. By CldW(X), we denote the hyperspace of non-empty closed
subsets of X with the Wijsman topology. Let FinW(X) and BddW(X) be the subspaces of CldW(X)
consisting of all non-empty finite sets and of all non-empty bounded closed sets, respectively. It is
proved that if X is an infinite-dimensional separable Banach space then CldW(X) is homeomorphic
to (≈) the separable Hilbert space 2 and FinW(X) ≈ BddW(X) ≈ 2 × f2 , where

f
2 =
{
(xi)i∈N ∈ 2 | xi = 0 except for finitely many i ∈N
}
.
Moreover, we show that if the complement of any finite union of open balls in X has only finitely
many path-components, all of which are closed in X, then FinW(X) and CldW(X) are ANR’s. We
also give a sufficient condition under which FinW(X) is homotopy dense in CldW(X).
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1. Introduction
Let Cld(X) be the set of all non-empty closed sets in a topological space X. By
CldV (X), we denote the space Cld(X) with the Vietoris topology, the most typical hy-
perspace topology. The Curtis–Schori–West Hyperspace Theorem is a celebrated result
in infinite-dimensional topology which states that CldV (X) is homeomorphic to (≈) the
Hilbert cube Q = [−1,1]ω if and only if X is a non-degenerate, connected and locally
connected compact metrizable space ([11,24]; cf. [18, Theorem 8.4.5]). For a non-compact
metric space X, since CldV (X) is non-metrizable, we have to consider hyperspace topolo-
gies different from the Vietoris topology. By CldF (X), CldAW(X) and CldW(X), we
denote the spaces Cld(X) with the Fell topology, the Attouch–Wets topology and the Wijs-
man topology, respectively, where the last two topologies are defined in case X is a metric
space. When X is compact, these three topologies coincide with the Vietoris one. For a
study of hyperspace topologies, we refer to the book [5] (cf. [17]).
In the paper [21], it is shown that CldF (X) ≈ Q \ {0} if and only if X is a locally
compact, locally connected separable metrizable space with no compact components. In
[3], it is shown that if X is an infinite-dimensional Banach space with weight w(X) then
CldAW(X) ≈ 2(2w(X)), where 2(τ ) is the Hilbert space with weight τ . In [14], the first
author proved that if X is an infinite-dimensional separable Banach space then CldW(X)
is an AR.3 It should be remarked that CldF (X) = CldAW (X) = CldW(X) for a finite-
dimensional normed linear space X. In fact, this equality holds for a metric space X such
that bounded closed subsets of X are compact [5, Theorem 3.1.4 and Exercise 5.1.10(b)].
In this paper, we prove the following:
Theorem I. If X is an infinite-dimensional separable Banach space, then CldW(X) is
homeomorphic to the separable Hilbert space 2.
Let Fin(X), Comp(X) and Bdd(X) be the subsets of Cld(X) consisting of all non-empty
finite sets, of all non-empty compact sets and of all non-empty bounded closed sets, re-
spectively. By FinV (X), FinW(X), etc., we respectively denote the subspaces of CldV (X),
CldW(X), etc. In [10], it is proved that FinV (X) ≈ f2 if and only if X is a non-degenerate,
strongly countable-dimensional,4 connected, locally path-connected, σ -compact metriz-
able space, where

f
2 =
{
(xi)i∈N ∈ 2 | xi = 0 except for finitely many i ∈N
}
.
3 AR (ANR) = absolute retract (absolute neighborhood retract) for metrizable spaces.
4 It is said that X is strongly countable-dimensional if X is a countable union of finite-dimensional closed
subsets.
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In [21], it is also shown that FinF (X) ≈ f if and only if X is a strongly countable-2
dimensional, locally compact, locally connected, separable metrizable space with no com-
pact components. In [20], it is proved that if X is an infinite-dimensional Banach space
with weight w(X) then
FinAW(X) ≈ 2
(
w(X)
)× f2 and BddAW(X) ≈ 2(2w(X))× f2 .
The following is also shown in this paper:
Theorem II. If X is an infinite-dimensional separable Banach space, then
FinW(X) ≈ BddW(X) ≈ 2 × f2 .
It is said that Y ⊂X is homotopy dense in X if there is a homotopy h :X× I → X such
that h0 = id and ht (X) ⊂ Y for every t > 0, where I = [0,1]. It is well known that every
homotopy dense set in an AR (respectively an ANR) is also an AR (respectively an ANR).5
Proving Theorem II for FinW(X), we also obtain the following more general result:
Theorem III. Let X be a separable metric space. If the complement of any finite union of
open balls in X has only finitely many path-components and all of them are unbounded
closed (respectively each of them is compact or unbounded closed), then CldW(X) is an
AR (respectively an ANR) and FinW(X) is homotopy dense in CldW(X). In particular, H
is an AR (respectively an ANR) if FinW(X) ⊂H⊂ CldW(X).
In case X is an infinite-dimensional separable Banach space, it is shown in [14] that
CldW(X) is an AR. This is a direct consequence of Theorem III above. But it also follows
that CompW(X) and FinW(X) are also AR’s.
To prove Theorem III, we give a condition on a metrizable Lawson semilattice X and
its subsemilattice Y under which X is an ANR and Y is homotopy dense in X (Theo-
rem 5.1). See Section 5 for the definition of a Lawson semilattice. In Theorem III, if it is
not demanded that FinW(X) is homotopy dense in CldW(X), the assumption can be a little
weakened, that is,
Theorem IV. Let X be a separable metric space. If the complement of any finite union of
open balls in X has only finitely many path-components, all of which are closed in X, then
FinW(X) and CldW(X) are ANRs.
For a closed subspace Y ⊂ X, we have Cld(Y ) ⊂ Cld(X) as sets. Due to [3, Proposi-
tion 2.1], the Attouch–Wets topology on Cld(Y ) coincides with the subspace topology of
the Attouch–Wets topology on Cld(X) as well as the Vietoris and Fell topologies. How-
ever, the Wijsman topology on Cld(Y ) does not necessarily coincide with the subspace
topology inherited from CldW(X) (see Example in Section 2). We also discuss the space
Cld(Y ) with the subspace topology inherited from CldW(X), which we call the relative
Wijsman topology. We prove Theorem IV in this setting.
5 This fact follows from [12, Chapter IV, Theorem 6.3].
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2. PreliminariesLet X = (X,d) be a metric space. The open ball and the closed ball centered at x
with radius ε are denoted by B(x, ε) and B(x, ε), respectively. For A ⊂ X and x ∈ X,
we define d(x,A) = infa∈A d(x, a). By C(X), we denote the set of all continuous real-
valued functions on X. By a ‘map’, we mean a continuous function (unless otherwise
indicated). By identifying each A ∈ Cld(X) with the map X  x → d(x,A) ∈ R, we can
regard Cld(X) ⊂ C(X), whence Cld(X) has various topologies inherited from C(X). The
Wijsman topology on Cld(X) is the topology of point-wise convergence, which depends
on the metric d for X. For each x ∈X and r > 0, we define
U−(x, r) = {A ∈ Cld(X) | d(x,A) < r};
U+(x, r)= {A ∈ Cld(X) | d(x,A) > r}.6
These are open sets in CldW(X) which form an open subbasis for CldW(X). Moreover, to
generate the Wijsman topology, it suffices to pick up points x from a dense subset of X.
For each k ∈N, we denote
Fink(X) = {A ∈ Fin(X) | cardA k}.
It is easily observed that the correspondence X  x ↔ {x} ∈ Fin1W(X) is a homeomor-
phism. By this correspondence, we can regard X = Fin1W(X) ⊂ CldW(X).
It is well known that CldW(X) is metrizable if and only if X is separable, whence
CldW(X) is also separable (cf. [5, Theorem 2.1.5]). By using a countable dense subset
{xi | i ∈N} of X, we can define an admissible metric dW for CldW(X) as follows:
dW(A,B)= sup
i∈N
min
{
2−i ,
∣∣d(xi,A)− d(xi,B)∣∣}.
Notice that dW is incomplete even if d is complete [5, Example 2.1.6].7 However, the
following holds [5, Theorem 2.5.4]:
Proposition 2.1. For every separable complete metric space X, the space CldW(X) is
separable and completely metrizable.
For a closed subspace Y ⊂ X, we have Cld(Y ) ⊂ Cld(X). The space CldW(Y ) admits
the Wijsman topology defined by using the metric dY = d|Y 2 inherited from X. On the
other hand, as mentioned in Introduction, Cld(Y ) has also the subspace topology inher-
ited from CldW(X), called the relative Wijsman topology. These two topologies do not
coincide. In fact, the following example shows that Fin2W(Y ) may not be the subspace of
Fin2W(X).
6 Note that d(x,A) < r ⇐⇒ B(x, r) ∩ A = ∅ and d(x,A) > r ⇒ B(x, r) ∩ A = ∅. However, B(x, r) ∩
A = ∅ ⇒ d(x,A) > r . In fact, let A =⋃n∈N[1 + n−1,∞)en ∈ Cld(2), where {en | n ∈ N} is the canonical
orthonormal basis for 2. Then B(0,1) ∩A= ∅ but d(0,A) = 1.
7 In [5], the following metric is used but it is uniformly equivalent to ours:
dW (A,B) =
∑
i∈N
2−i min
{
1,
∣∣d(xi ,A) − d(xi ,B)∣∣}.
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Example. Let X = 2 be the Hilbert space, Y = {x ∈ 2 | ‖x‖ 1} the unit closed ball of
2 and {en | n ∈N} the canonical orthonormal base of 2. Fix δ > 0 and define
an = 1√
1 + δ2 (en+1 + δe1), n ∈N.
Then we have An = {0, an} ∈ Fin2(Y ), which does not converge to {0} in CldW(X). Indeed,
consider v = te1 ∈ X (= 2), where
t >
√
1 + δ2
2δ
, i.e.,
2tδ√
1 + δ2 > 1.
For each n ∈N, we have
‖v − an‖2 =
∥∥∥∥
(
t − δ√
1 + δ2
)
e1 − 1√
1 + δ2 en+1
∥∥∥∥
2
= t2 − 2tδ√
1 + δ2 + 1 < t
2 = ‖v‖2,
hence d(v,An)= ‖v − an‖ → ‖v‖ = d(v, {0}).
However, we can find δ > 0 so that An → {0} in CldW(Y ). In order to find such δ > 0,
consider
x = (x1, . . . , xk,0,0, . . .) ∈ Y ∩ f2 ⊂X = 2.
Then ‖x‖2 =∑ki=1 x2i and
‖x − an‖2 =
(
x1 − δ√
1 + δ2
)2
+
k∑
i=2
x2i +
1
1 + δ2 for n k.
Thus, d(x,An)→ d(x, {0}) if and only if ‖x −an‖2  ‖x‖2 for n k. Since |x1| ‖x‖
1, it follows that
‖x − an‖2 − ‖x‖2 =
(
x1 − δ√
1 + δ2
)2
+ 1
1 + δ2 − x
2
1
= 1 − 2x1δ√
1 + δ2  1 −
2δ√
1 + δ2 .
Choose 0 < δ  1/
√
3. Then ‖x − an‖2  ‖x‖2, hence d(x,An) → d(x, {0}) for every
x ∈ Y ∩ f2 . Since Y ∩ f2 is dense in Y , it follows that An → {0} in CldW(Y ).
Proposition 2.2. Let X be an arbitrary metric space. For each closed subset Y ⊂ X,
Cld(Y ) is closed in CldW(X).
Proof. We may assume that Y =X. For each A ∈ CldW(X) \ Cld(Y ), we have a ∈A \ Y .
Let 0 < r < d(a,Y ). Then
A ∈ U−(a, r)⊂ CldW(X) \ Cld(Y ).
Therefore, CldW(X) \ Cld(Y ) is open in CldW(X), that is, Cld(Y ) is closed in
CldW(X). 
12 W. Kubis´ et al. / Topology and its Applications 148 (2005) 7–32
To prove Theorems I and II, we use characterizations of 2 and 2 × f . The following2
characterization of 2 is due to Torun´czyk [22] (cf. [23]):
Theorem 2.3. In order that X ≈ 2, it is necessary and sufficient that X is a separable
completely metrizable AR which has the discrete approximation property,8 that is, each
map f :
⊕
n∈N In → X is approximated by maps g :
⊕
n∈N In → X such that {g(In) | n ∈
N} is discrete in X.
Here, given a collection G of maps from a space Y to X, a map f :Y → X is approxi-
mated by maps in G (or arbitrarily close to maps in G) if, for each open cover U of X, f is
U -close to some g ∈ G, that is, each f (y) and g(y) are contained in some U ∈ U . In case
X = (X,d) is a metric space, this is equivalent to the condition that for each α :X → (0,1),
there is g ∈ G such that d(f (y), g(y)) < α(f (y)) for every y ∈ Y .
To state the characterization of 2 × f2 due to Bestvina and Mogilski [7], we need some
notions. A metrizable space X is σ -completely metrizable if X is a countable union of
completely metrizable closed subsets. A closed set A ⊂X is a (strong) Z-set in X if there
are maps f :X → X \A arbitrarily close to id (such that A∩ clf (X) = ∅). An embedding
is called a (strong) Z-embedding if its image is a (strong) Z-set. A countable union of
(strong) Z-sets is called a (strong) Zσ -set. When X itself is a (strong) Zσ -set in X, we
call X a (strong) Zσ -space. For a class C of spaces, X is said to be universal for C if each
map f :A → X of A ∈ C is approximated by Z-embeddings. It is said that X is strongly
universal for C if given a map f :A → X of A ∈ C such that f |B is a Z-embedding of a
closed set B ⊂ A, there exist Z-embeddings g :A → X such that g|B = f |B and which
are arbitrarily close to f . The following is Corollary 6.3 in [7].
Theorem 2.4. In order that X ≈ 2 ×f2 , it is necessary and sufficient that X is a separable
σ -completely metrizable AR which is a strong Zσ -space and it is strongly universal for
separable completely metrizable spaces.
In case X is a homotopy dense set in 2, X has the discrete approximation property (cf.
[4, Theorem 1.3.2] or [2]), hence every Z-set in X is a strong Z-set by [7, Proposition 1.7].
Note that the class M1 of separable completely metrizable spaces is hereditary with respect
to both closed subsets and open subsets (i.e., if X ∈M1 and A ⊂X is closed or open then
A ∈ M1). Then, by [7, Proposition 2.2] (or [4, Theorem 3.2.19]), X is strongly universal
for M1 if and only if every open subset of X is universal for M1. Thus, we have the
following:
Theorem 2.5. For a homotopy dense set X in 2, if X is a σ -completely metrizable Zσ -
space and every open subset of X is universal for separable completely metrizable spaces,
then X ≈ 2 × f2 .
8 This is often called the strong discrete approximation property (cf. [1]).
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3. Proof of Theorem IWe have already observed that CldW(X) is separable and completely metrizable for
every separable complete metric space X. It has been proved in [14] that CldW(X) is an
AR for an infinite-dimensional separable Banach space X. To show Theorem I, it remains
to verify the discrete approximation property in Theorem 2.3.
Let X = (X,‖ · ‖) be a normed linear space and d the metric induced by the norm ‖ · ‖
(i.e., d(x, y)= ‖x −y‖). By BX and SX , we denote the unit closed ball and the unit sphere
of X, respectively. Then for x ∈ X and ε > 0, B(x, ε) = x + εBX and bdX B(x, ε) =
x + εSX . For CldW(X), the metric dW is defined by a countable dense set {xi | i ∈ N} in
X, where x1 = 0.
To prove Theorem I, we need the following lemma, which we formulate in a general
setting to apply in the proof of Theorem II.
Lemma 3.1. Let W be an open set in a subspace H of CldW(X). For each map α :W →
(0,1), there exists a map γ :W → (1,∞) such that
A ∈ W, A′ ∈H, A∩ γ (A)BX =A′ ∩ γ (A)BX
⇒ A′ ∈ W, dW
(
A,A′
)
< α(A). (∗)
Proof. For each A ∈ W , we define
i(A)= min{i ∈N | 2−i < min{α(A), dW (A,H \W)}} and
r(A)= max{‖xi‖ | i  i(A)},
where we mean dW(A,∅) = ∞. Then r :W → [0,∞) is upper semi-continuous. Indeed,
let A ∈ W and r(A) < t . By the definition of i(A) and the continuity of α and dW(−,H \
W), we can choose δ > 0 so that
A′ ∈ W, dW
(
A,A′
)
< δ ⇒ 2−i(A) < min{α(A′), dW (A′,H \W)},
whence i(A′)  i(A) by the definition of i(A′), so r(A′) r(A) < t by the definition of
r(A′).
Now, let γ :W → (1,∞) be a map such that
γ (A) > 3 max
{
r(A), d(0,A)
}
for each A ∈H.
To see that γ satisfies condition (∗), suppose
A ∈ W, A′ ∈H and A∩ γ (A)BX =A′ ∩ γ (A)BX.
Then A′ ∩ 13γ (A)BX = A∩ 13γ (A)BX = ∅ because d(0,A) < 13γ (A). For each i  i(A),
since ‖xi‖ r(A) < 13γ (A), it follows from [3, Fact 2] that
d(xi,A)= d
(
xi,A∩ γ (A)BX
)= d(xi,A′ ∩ γ (A)BX)= d(xi,A′),
which implies that dW(A,A′) < 2−i(A). Thus, we have dW(A,A′) < α(A). Moreover,
dW(A,A
′) < dW(A,H \W), which means A′ ∈ W . 
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Proof of Theorem I. It remains to show that CldW(X) has the discrete approxima-
tion property. By the argument in [8, p. 203], it suffices to show that there are maps
f : CldW(X)×N→ CldW(X) arbitrarily close to id such that {f (CldW(X)×{n}) | n ∈N}
is locally finite.
For each map α : CldW(X) → (0,1), let γ : CldW(X) → (1,∞) be the map obtained
by Lemma 3.1, where H=W = CldW(X). On the other hand, SX has a countable-infinite
1
2 -discrete set {en | n ∈ N} by Riesz’ Theorem (cf. [16, p. 16]). Taking v ∈ SX and a map
β : CldW(X) → (1,∞) such that β > γ , we define f : CldW(X) × N→ CldW(X) as fol-
lows:
f (A,n)= (A∩ β(A)BX)∪ β(A)SX ∪ {(β(A)+ 2)v + en}.
By (∗) in Lemma 3.1, dW(f (A,n),A) < α(A) for every A ∈ CldW(X) and n ∈N. Observe
that
d
(
x,f (A,n)
)
=
{
min
{
β(A)− ‖x‖, d(x,A)} if ‖x‖ β(A),
min
{‖x‖− β(A),∥∥(β(A)+ 2)v + en − x∥∥} if ‖x‖ β(A).
Then (A,n) → d(x,f (A,n)) is continuous for each x ∈ X, which implies that f is con-
tinuous.
We show that {f (CldW(X)×{n}) | n ∈N} is locally finite. On the contrary, assume that
there exist Aj ∈ CldW(X), j ∈ N, and n1 < n2 < · · · ∈ N such that (f (Aj ,nj ))j∈N con-
verges to A ∈ CldW(X). If supj∈N β(Aj) = ∞, by taking a subsequence, we may assume
that β(Aj ) → ∞ as j → ∞. Observe that dW(f (Aj ,nj ),Aj ) → 0. Then it follows that
Aj → A, hence β(Aj)→ β(A) by the continuity of β . This is a contradiction.
When supj∈N β(Aj) < ∞, it can be assumed that limj→∞ β(Aj) = r  1, whence we
show that A ⊂ rBX . Suppose that ‖a‖> r for some a ∈A. Then we can choose i0  j0 ∈N
so that d(xi0, a) < s/6 and
j  j0 ⇒
∣∣β(Aj )− r∣∣< s/2, dW (f (Aj ,nj ),A)< min{s/6, 2−i0},
where s = min{‖a‖− r, 14 }. Then, for every j  j0,
d
(
a,f (Aj ,nj )
)
 d(a, xi0)+ d
(
xi0 , f (Aj ,nj )
)
 d(a, xi0)+ d(xi0,A)+
∣∣d(xi0, f (Aj ,nj ))− d(xi0,A)∣∣
 2d(a, xi0)+ dW
(
A,f (Aj ,nj )
)
< 2s/6 + s/6 = s/2.
On the other hand, since ‖a‖> r + s/2 β(Aj),
d
(
a,β(Aj)BX
)
 ‖a‖− β(Aj) > ‖a‖− r − s/2 s − s/2 = s/2.
Therefore, d(a, (β(Aj)+ 2)v + enj ) < s/2. Then we have
d
(
a, (r + 2)v + enj
)
 d
(
a,
(
β(Aj)+ 2
)
v + enj
)
+ d((β(Aj)+ 2)v + enj , (r + 2)v + enj )
< s/2 + ∣∣β(Aj)− r∣∣< s.
If j = j ′  j0 then
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1
< d(e , e )= d((r + 2)v + e , (r + 2)v + e )2 nj nj ′ nj nj ′
 d
(
a, (r + 2)v + enj
)+ d(a, (r + 2)v + enj ′ )< 2s  12 ,
which is a contradiction. Therefore, A⊂ rBX .
Now, choose i1 ∈N so that d(xi1, (r + 2)v) < 16 , whence
d(xi1,A) d(xi1, rBX)
 d
(
(r + 2)v, rBX
)− d(xi1, (r + 2)v)> 2 − 16 = 116 .
Moreover, choose j1 ∈N so that if j  j1 then |β(Aj1)− r|< 16 , whence
d
(
xi1 , f (Aj ,nj )
)
 d
(
xi1 ,
(
β(Aj)+ 2
)
v + enj
)
 d
(
xi1 , (r + 2)v
)+ d((r + 2)v, (β(Aj )+ 2)v)+ ‖enj ‖
<
1
6
+ ∣∣β(Aj)− r∣∣+ 1 < 43 ,
hence it follows that
dW
(
f (Aj ,nj ),A
)
min
{
2−i1 ,
∣∣d(xi1, f (Aj ,nj ))− d(xi1,A)∣∣}
min
{
2−i1, 11
6
− 4
3
}
= 2−i1 .
This contradicts the fact that f (Aj ,nj )→ A. Thus, {f (CldW(X)×{n}) | n ∈N} is locally
finite in CldW(X). 
4. Proof of Theorem II for BddW(X)
In this section, Theorem II is proved for the space BddW(X). Since Theorem I has been
proved, we can use Theorem 2.5. We first show the following:
Proposition 4.1. For every separable normed linear space X, BddW(X) is homotopy dense
in CldW(X).
Proof. We define θ : CldW(X)× I → CldW(X) by θ0 = id and
θ(A, t) = (A∩ t−1BX)∪ t−1SX for t > 0.
When t = 0, observe that
d
(
x, θ(A, t)
)= {min{t−1 − ‖x‖, d(x,A)} if ‖x‖ t−1,‖x‖− t−1 if ‖x‖ > t−1.
It is easy to see that (A, t) → d(x, θ(A, t)) is continuous for each x ∈ X. Thus, θ is con-
tinuous. 
Notice that BddW(X)=⋃k∈NCld(kBX).
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Proposition 4.2. For every separable Banach space X, BddW(X) is σ -completely metriz-
able.
Proof. The space CldW(X) is completely metrizable (Proposition 2.1). For each k ∈ N,
Cld(kBX) is closed in CldW(X) by Proposition 2.2, hence it is completely metrizable.
Then it follows that BddW(X) is σ -completely metrizable. 
Proposition 4.3. For every separable normed linear space X, BddW(X) is a Zσ -space.
Proof. Let θ : CldW(X)× I → CldW(X) be the homotopy defined in the proof of Proposi-
tion 4.1. Then θ(BddW(X)× I)⊂ BddW(X). For each map α : BddW(X) → (0,1), define
η : BddW(X)→ (0,1] as follows:
η(A)= sup{t > 0 | diamdW θ({A} × [0, t])< α(A)}.
Then η is lower semi-continuous. Indeed, when η(A) > s, let s < s′ < η(A) and
ε = α(A)− diamdW θ
({A} × [0, s′])> 0.
By the continuity of θ and α, we have δ > 0 such that if A′ ∈ BddW(X) and dW(A,A′) < δ
then |α(A)− α(A′)|< 13ε and dW(θ(A, t), θ(A′, t)) < 13ε for all t ∈ [0, s′], whence
diamdW θ
({
A′
}× [0, s′])< diamdW θ({A} × [0, s′])+ 23ε
= α(A)− 1
3
ε < α
(
A′
)
,
which means that η(A′) s′ > s.
For each k ∈N, taking a map β : BddW(X) → (0,1) such that
β(A) < min
{
(k + 1)−1, η(A)},
we define a map f : BddW(X) → BddW(X) as follows:
f (A)= θ(A,β(A))= (A∩ β(A)−1BX)∪ β(A)−1SX.
For each A ∈ BddW(X), it follows from β(A)−1 > k + 1 that f (A) ⊂ kBX , that is, the
image of f misses Cld(kBX). Moreover, since β(A) < η(A), we have
dW
(
f (A),A
)
 diamdW θ
({A} × [0, β(A)])< α(A).
Thus, Cld(kBX) is a Z-set in BddW(X). Then it follows that BddW(X) is a Zσ -space. 
It remains to prove the strong universality of BddW(X). To this end, we use the follow-
ing well-known fact [6, Chapter VI, Theorem 5.1]:
Proposition 4.4. Let SX be the unit sphere of an infinite-dimensional separable Banach
space X. Then SX ≈ 2.
Proposition 4.5. If X is an infinite-dimensional separable Banach space, then every open
set W ⊂ BddW(X) is universal for separable completely metrizable spaces.
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Proof. Let Y be a separable completely metrizable space and f :Y →W a map. For each
map α :W → (0,1), let γ :W → (1,∞) be the map obtained by Lemma 3.1, where H =
BddW(X). We have a map β :W → (0,1) such that β(A)−1 > γ (A) for each A ∈W . Since
SX ≈ 2 is universal for separable completely metrizable spaces (Proposition 4.4), we have
a closed embedding h :Y → SX . By taking v ∈ SX and using the homotopy θ : CldW(X)×
I → CldW(X) defined in the proof of Proposition 4.1, we define a map g :Y → W as
follows:
g(y)= θ(f (y),β(f (y)))∪ {(β(f (y))−1 + 2)v + h(y)}.
Then it follows from (∗) in Lemma 3.1 that dW(f (y), g(y)) < α(f (y)) for every y ∈ Y .
As is easily observed, g is injective.
To see that g is a closed embedding, let yi ∈ Y , i ∈ N, such that g(yi) → A ∈ W .
We may assume that limi→∞ β(f (yi)) = b ∈ I. If b = 0 then β(f (yi))−1 → ∞, which
implies dW(f (yi), g(yi)) → 0, so f (yi) → A. Hence, β(f (yi)) → β(A) = 0, which is
a contradiction. Therefore, b = 0. Furthermore, A ∩ ((b−1 + 2)v + 32 BX) = ∅. In fact, if
A ∈ U+((b−1 + 2)v, 32 ) then g(yi) ∈ U+((b−1 + 2)v, 32 ) for sufficiently large i ∈ N. On
the other hand, for sufficiently large i ∈N, |β(f (yi))−1 − b−1|< 12 , whence∥∥(β(f (yi))−1 + 2)v + h(yi)− (b−1 + 2)v∥∥

∣∣β(f (yi))−1 − b−1∣∣+ 1 < 32 .
This is a contradiction.
Now, let c ∈ A ∩ ((b−1 + 2)v + 32 BX). Then ‖c‖  b−1 + 12 . For each 0 < ε < 14 , we
can choose i0 ∈N so that if i  i0 then g(yi) ∈ U−(c, ε) and |β(f (yi))−1 − b−1|< ε < 14 .
For each i  i0, since
d
(
c, θ
(
f (yi), β
(
f (yi)
)))
 ‖c‖− β(f (yi))−1
 1
2
+ b−1 − β(f (yi))−1 > 14 > ε,
it follows that
d
(
c,
(
β
(
f (yi)
)−1 + 2)v + h(yi))= d(c, g(yi))< ε.
Thus, (β(f (yi))−1 + 2)v + h(yi) → c. Since β(f (yi))−1 → b−1, it follows that h(yi)→
c− (b−1 + 2)v, hence (yi)i∈N is convergent in Y because h is a closed embedding. There-
fore, g is a closed embedding.
By Proposition 4.3, g(Y ) is a Zσ -set in W . Since g(Y ) ≈ Y is completely metrizable,
g(Y ) is a Z-set in W by [9, Lemma 2.4]. Thus, g : Y → W is a Z-embedding. This com-
pletes the proof. 
Proof of Theorem II for BddW (X). By Theorem I and Proposition 4.1, BddW(X) can be
regarded as a homotopy dense set in 2. It has been shown that BddW(X) is σ -completely
metrizable Zσ -space (Propositions 4.2 and 4.3), and every open set in BddW(X) is
universal for separable completely metrizable spaces (Proposition 4.5). Thus, we have
BddW(X)≈ 2 × f2 by Theorem 2.5. 
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5. Homotopy dense subsemilattices of Lawson semilatticesA topological semilattice is a topological space S equipped with a continuous operator
∨ :S × S → S which is idempotent, commutative and associative (i.e., x ∨ x = x , x ∨ y =
y∨x , (x∨y)∨z = x∨ (y ∨z)). A topological semilattice S is called a Lawson semilattice
if S admits an open basis consisting of subsemilattices [15].
According to Proposition 3.2 in [3], a metrizable Lawson semilattice X is an ANR
(respectively an AR) if and only if it is LC0, i.e., locally path-connected (respectively
connected and LC0). Here, we introduce a relative version of local path-connectedness.
A subset Y ⊂X is relatively LC0 in X if for every x ∈ X, each neighborhood U of x in X
contains a smaller neighborhood V of x such that every two points of V ∩ Y can be joined
by a path in U ∩ Y . If Y ⊂X is relatively LC0 in X then Y is LC0, but the converse is not
true. For example, Y = {n−1 | n ∈N} ⊂ R is LC0 but Y is not relatively LC0 in R. In this
section, we shall prove the following theorem.
Theorem 5.1. Let X be a metrizable Lawson semilattice with Y ⊂ X a dense subsemilat-
tice. If Y is relatively LC0 in X (and path-connected), then X is an ANR (an AR) and Y is
homotopy dense in X, hence Y is also an ANR (an AR).
To prove Theorem 5.1, we use the following result from [19]:
Theorem 5.2. Let X be a metric space with Y ⊂ X a dense set. Assume that there exist a
sequence U = (Un)n∈N of open covers of X and a map f : |TN(U)| → Y such that
(1) limn→∞ meshUn = 0,
(2) f (U) ∈U ∩ Y for U ∈⋃n∈NUn = T N(U)(0) and
(3) limn→∞ mesh{f (σ) | σ ∈N(Un ∪Un+1)} = 0,
where T N(U) =⋃n∈NN(Un ∪Un+1) is the simplicial complex defined as the union of the
nerves of the covers Un ∪ Un+1 (we regard Ui ∩ Uj = ∅ as the sets of vertices if i = j ).
Then X is an ANR and Y is homotopy dense in X.
Lemma 5.3. Every Lawson semilattice X is k-aspherical for any k > 0, that is, each map
f : Sk → X extends to f˜ : Bk+1 → X. Hence, if X is path-connected then it is k-connected
for every k  0.
Proof. Identify Sk = Fin1V (Sk) ⊂ FinV (Sk) and X = Fin1V (X) ⊂ FinV (X). Then f ex-
tends to a map f∗ : FinV (Sk) → FinV (X). Since FinV (X) is a free Lawson semilattice over
X, we have a retraction r : FinV (X) → X as an extension of the identity map of X (see
[3, Section 3]). By [10, Lemma 3.3], we have ϕ : Bk+1 → Fin3V (Sk) with ϕ|Sk = id. Then
f˜ = rf∗ϕ : Bk+1 →X is an extension of f . 
Proof of Theorem 5.1. Let d be an admissible metric for X. For each n ∈N, let Vn be an
open cover of X such that meshVn < 2−n and each V ∈ Vn is a subsemilattice of X. Since
Y is relatively LC0 in X, each Vn has an open refinement Un such that each U ∈ Un is
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contained in some V ∈ Vn so that every pair of points in U ∩Y can be connected by a path
in V ∩Y . Applying Lemma 5.3, we can inductively construct maps fn : |N(Un ∪Un+1)| →
Y , n ∈N, so that
(1) fn|N(Un+1)= fn+1|N(Un+1),
(2) fn(U) ∈ U ∩ Y for U ∈ Un ∪ Un+1 and
(3) for every simplex σ ∈N(Un ∪Un+1), the image fn(σ ) is contained in a member of Vn.
Then we define a map f : |TN(U)| → Y by f ||N(Un ∪ Un+1)| = fn, which satisfies the
assumptions of Theorem 5.2, hence X is an ANR and Y is homotopy dense in X.
Moreover, if X or Y is path-connected, then it is k-connected for every k  0 by
Lemma 5.3. Thus X is an AR. 
Let X = (X,d) be a metric space. To apply Theorem 5.1 to the space CldW(X), we
show the following:
Proposition 5.4. For an arbitrary metric space X, the space CldW(X) is a Lawson semi-
lattice with respect to the union operator ∪.
Proof. For each x ∈ X,
(A,B) → d(x,A∪B)= min{d(x,A), d(x,B)}
is continuous, which means that the union operator ∪ is continuous (cf. [5, Exercise
2.1.3(a)]). Observe that U−(x, r) and U+(x, r) are subsemilattices of CldW(X) for each
x ∈ X and r > 0. Since any intersection of subsemilattices is again a subsemilattice,
CldW(X) has an open basis consisting of subsemilattices. Thus, CldW(X) is a Lawson
semilattice. 
For an arbitrary subset Y ⊂ X, we have Fin(Y ) ⊂ Comp(Y ) ⊂ Cld(X). It should be
noticed that Cld(Y ) ⊂ Cld(X) unless Y is closed in X. As we mentioned in Preliminaries,
FinW(Y ) (nor CldW(Y )) is not a subspace of CldW(X) even if Y is closed in X, where Y
inherits the metric from X. However, we have the following:
Proposition 5.5. Let Y be a dense subspace of an arbitrary metric space X. Then
CldW(Y ) can be naturally embedded in CldW(X) by the closure operator clX : CldW(Y )→
CldW(X). Namely, CldW(Y ) can be identified with the subspace{
A ∈ Cld(X) | clX(A∩ Y )=A
}⊂ CldW(X).
Proof. The continuity of clX : CldW(Y ) → CldW(X) can be seen as follows: For each
ε > 0 and x ∈ X, choose y ∈ Y so that d(x, y) < 13ε. For each A,A′ ∈ CldW(Y ),
|d(y,A)− d(y,A′)|< 13ε implies∣∣d(x, clX A)− d(x, clX A′)∣∣ 2d(x, y)+ ∣∣d(y,A)− d(y,A′)∣∣< ε.
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On the other hand, the restriction operator C(X)  f → f |Y ∈ C(Y ) is continuous with
respect to the topology of point-wise convergence. Restricting this operator to the image
of clX, we have the inverse of the operator clX. Thus, we have the result. 
Remark. In the separable case, we can use a countable dense subset of Y to define the
metric dW for CldW(X), whence the above embedding is an isometry.
Proposition 5.6. For a dense subset Y of an arbitrary metric space X, FinW(Y ) is a dense
subsemilattice of CldW(X).
Proof. Let A ∈ CldW(X). For each neighborhood W of A in CldW(X), we have
p1, . . . , pn ∈X, r1, . . . , rn > 0 and m n such that
A ∈
m⋂
i=1
U−(pi, ri )∩
n⋂
j=m+1
U+(pj , rj )⊂W .
For each 1  i m, B(pi, ri ) \⋃nj=m+1 B(pj , rj ) = ∅ because it contains a point of A.
Since Y is dense in X, we can find
yi ∈ Y ∩B(pi , ri ) \
n⋃
j=m+1
B(pj , rj ).
Thus, we have {y1, . . . , ym} ∈ FinW(Y ) ∩W . Therefore, FinW(Y ) is dense in CldW(X). 
As an application of Theorem 5.1, we have the following:
Corollary 5.7. Let X be a separable metric space with Y ⊂X a dense subset. If FinW(Y )
is relatively LC0 in CldW(X) (and FinW(Y ) is path-connected), then CldW(X) is an ANR
(an AR) and FinW(Y ) is homotopy dense in CldW(X), hence H is an ANR (an AR) if
FinW(Y )⊂H⊂ CldW(Y ).
6. Proof of Theorem III
In this section, we prove Theorem III by using Corollary 5.7. Given a metric space X,
let d be the metric for X.
To prove the next lemma, we shall use a well-known combinatorial fact, called König’s
Lemma: Every finitely-branching infinite tree contains an infinite branch (cf. [13, (4.12)]).
A tree is a partially ordered set (T ,<) such that for every x ∈ T , the set {y ∈ T | y < x} is
well-ordered (in our case: finite and linearly ordered). It is said that T is finitely-branching
if each element of T has only finitely many immediate successors. A branch of T is a
maximal linearly ordered subset of T . In the proof of the following theorem, we consider
a tree of sets with the reversed inclusion as the partial order.
Lemma 6.1. Let X be a path-connected unbounded metric space. Suppose that the comple-
ment of each ball in X has only finitely many path-components. Then, for each x ∈ X, there
exists an infinite path f : [1,∞)→X such that f (1)= x and limt→∞ d(x,f (t)) = ∞.
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Proof. Let x ∈ X be fixed. For each n ∈ N, X \ B(x,n) has at least one and only fi-
nitely many unbounded path-components, say Hn1 , . . . ,H
n
k(n). Let T = {Hni | n ∈ N, i =
1, . . . , k(n)}. Then (T ,⊃) is a finitely-branching infinite tree. By König’s Lemma, T con-
tains an infinite branch H 1i(1) ⊃H 2i(2) ⊃ · · ·.
For each n ∈ N, pick vn ∈ Hni(n) and a path fn : I → Hn−1i(n−1) with fn(0) = vn−1 and
fn(1)= vn, where H 0i(0) = X and v0 = x . By joining these paths, we can define an infinite
path f : [1,∞) → X, that is, f (t) = fn(t − n) for n  t  n + 1. Then f (1) = x and
limt→∞ d(x,f (t)) = ∞. Indeed, for each m ∈N,
f
([m+ 1,∞))⊂ ∞⋃
n=m
fn(I) ⊂Hmi(m) ⊂X \B(x,m),
that is, d(x,f (t))m for t m+ 1. 
Applying Lemma 6.1, we can prove the following:
Proposition 6.2. Let X be a metric space which has only finitely many path-components
X1, . . . ,Xm, each of which is unbounded and satisfies the condition of Lemma 6.1, that is,
the complement of each ball in Xi has finitely many path-components. Then FinW(X) is
path-connected.
Proof. Take any a ∈ X1. It suffices to show that each B ∈ FinW(X) can be connected to
{a} by a path in FinW(X). By Lemma 6.1, we have an infinite path f0 : [1,∞)→ X1 such
that f0(1) = a and limt→∞ d(a,f0(t)) = ∞. Observe that limt→∞ d(x,f0(t)) = ∞ for
every x ∈ X. Then B can be connected to B ∪ {a} by the path ϕ : I → FinW(X) defined as
follows:
ϕ(t) =
{
B if t = 0,
B ∪ {f0(t−1)} if t > 0.
For each x ∈ X, d(x,ϕ(t)) = d(x,B) for sufficiently small t > 0, which implies that ϕ is
continuous at t = 0.
Each z ∈ B is contained in some Xk(z). By Lemma 6.1, we have an infinite path
fz : [1,∞) → Xk(z) such that fz(1) = z and limt→∞ d(z, fz(t)) = ∞ (whence
limt→∞ d(x,fz(t))= ∞ for any x ∈ X). Then {a} is connected to B ∪ {a} by the path
ψ : I → FinW(X) defined similarly to ϕ, that is,
ψ(t) =
{ {a} if t = 0,
{a} ∪ {fz(t−1) | z ∈B} if t > 0.
By joining the paths ϕ and ψ , we can obtain a path in FinW(X) from B to {a}. 
If X is path-connected then so is FinW(X). In fact, we can prove the following in a little
more general setting for applications:
Proposition 6.3. Let Y be a path-connected subset of an arbitrary metric space X. For each
pair A,B ∈ Fin(Y ), there exists a path ϕ : I → FinW(X) such that ϕ(0) = A, ϕ(1) = B ,
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A ⊂ ϕ(t) for t  1 , B ⊂ ϕ(t) for t  1 , and ϕ(t) ⊂ Y for each t ∈ I, i.e., ϕ(t) ∈ Fin(Y ). In2 2
particular, if X is path-connected then so is FinW(X).
Proof. For each a ∈A and b ∈ B , we have a path fa,b : I → Y from a to b. Now, we define
a path ϕ′ : I → FinW(X) by
ϕ′(t) =A∪
⋃{
fa,b(t) | a ∈A, b ∈ B
}
.
Then ϕ′ is a path in FinW(X) from A to A ∪ B such that A ⊂ ϕ′(t) ⊂ Y for each t ∈ I.
By the same argument, we can find a path ϕ′′ : I → FinW(X) from B to A ∪ B such that
B ⊂ ϕ′′(t)⊂ Y for each t ∈ I. By joining the paths ϕ′ and ϕ′′, we obtain the desired path ϕ
connecting A and B . 
It is said that A,B ⊂X are strongly disjoint if
dist(A,B)= inf{d(a, b) | a ∈ A, b ∈B}> 0.
This notion is used in the proof of the following proposition:
Proposition 6.4. Let X be a metric space. Suppose that the complement of any finite union
of open balls in X has only finitely many path-components, each of which is compact or
unbounded closed. Then FinW(X) is relatively LC0 in CldW(X).
Proof. Let A ∈ CldW(X) and U a neighborhood of A in CldW(X). Then
A ∈
m⋂
i=1
U−(pi, ri )∩
n⋂
j=1
U+(qj , sj ) ⊂ U,
for some pi ∈ A, qj ∈ X \A and ri, sj > 0. Let
0 < ε < min
{
d(qj ,A)− sj | j = 1, . . . , n
}
and let X1, . . . ,Xl be all path-components of X \⋃nj=1 B(qj , sj + ε), where Xk ∩A = ∅
for k  l0 and Xk ∩A = ∅ for k > l0. Moreover, we can assume that Xk is unbounded for
l0 < k  l1 and Xk is compact for k > l1. Note that each Xk is not only closed but also open
in X \⋃nj=1 B(qj , sj + ε) and A is strongly disjoint from ⋃nj=1 B(qj , sj + ε). For each
k = 1, . . . , l0, we can choose pm+k ∈ A ∩ Xk and rm+k > 0 so that B(pm+k , rm+k) ⊂ Xk .
Since
⋃l
k=l1+1 Xk is compact and X \
⋃l1
k=1 Xk is open in X,
l⋃
k=l1+1
Xk ⊂
ν⋃
i=1
B(yi, δi)⊂
ν⋃
i=1
B(yi,2δi)⊂X \
l1⋃
k=1
Xk,
for some yi ∈⋃lk=l1+1 Xk and δi > 0. Thus, we have the following neighborhood of A:9
V =
m+l0⋂
i=1
U−(pi, ri) ∩
n⋂
j=1
U+(qj , sj + ε)∩
ν⋂
i=1
U+(yi, δi)⊂ U .
9 See Footnote 6.
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Moreover, since pi ∈A for every i = 1, . . . ,m+ l0, we have
A0 = {pi | i = 1, . . . ,m+ l0} ∈ V ∩ FinW(X).
We show that every B ∈ V∩FinW(X) can be connected to A0 by a path in U ∩FinW(X).
Then it would follow that FinW(X) is relatively LC0 in CldW(X). Notice B ⊂⋃l1k=1 Xk .
Let B∗ = B ∩⋃l1k=l0+1 Xk . For k = 1, . . . , l0, we apply Proposition 6.3 to obtain a path
ϕk : I → FinW(X) such that ϕ(0)= B ∩Xk , ϕ(1)=A0 ∩Xk , B ∩Xk ⊂ ϕ(t) for 0 t  12 ,
A0 ∩ Xk ⊂ ϕ(t) for 12  t  1, and ϕ(t) ⊂ Xk for each t ∈ I, Then B can be connected to
A0 ∪B∗ by the path ϕ : I → FinW(X) defined by ϕ(t) =⋃l0k=1 ϕk(t)∪B∗. Since each ϕ(t)
contains A0 or B and
ϕ(t) ⊂
l0⋃
k=1
Xk ∪B∗ ⊂
l1⋃
k=1
Xk \
n⋃
j=1
B(qj , sj + ε),
it follows that ϕ(I)⊂ U ∩ FinW(X).
For each z ∈ B∗, let Xk(z) be the path-component containing z, where l0 < k(z)  l1.
By Lemma 6.1, we have an infinite path fz : [1,∞) → Xk(z) such that fz(1) = z and
limt→∞ d(z, fz(t)) = ∞ (whence limt→∞ d(x,fz(t)) = ∞ for any x ∈ X). Then A0 can
be connected to A0 ∪B∗ by the path ψ : I → V defined as follows:
ψ(t) =
{
A0 if t = 0,
A0 ∪⋃z∈B∗ fz(t−1) if t > 0.
For any x ∈ X, d(x,ψ(t)) = d(x,A0) for sufficiently small t > 0, which means that ψ
is continuous at 0. Since A0 ⊂ ψ(t) ⊂ ⋃l1k=1 Xk for each t ∈ I, it follows that ψ(I) ⊂U ∩FinW(X). By joining paths ϕ and ψ , we have a path in U ∩FinW(X) from B to A0. 
Proof of Theorem III. Under the assumption of Proposition 6.4, CldW(X) is an ANR and
FinW(X) is homotopy dense in CldW(X) by Corollary 5.7. When the complement of any
finite union of open balls in X has only finitely many path-components and all of them are
unbounded closed, X satisfies the assumption of Proposition 6.2 (as the number of open
balls is zero), hence FinW(X) is path-connected, so it is an AR by Corollary 5.7. Thus, we
have Theorem III. 
7. Proof of Theorem II for FinW(X)
To prove Theorem II for the space FinW(X), we apply Theorem 2.5 like in the case of
BddW(X) but we also use Theorem III proved in the previous section.
Now, notice FinW(X)=⋃k∈N Fink(X).
Proposition 7.1. For an arbitrary metric space X, each Fink(X) is closed in CldW(X).
Therefore, if X is separable and complete then each Fink(X) is completely metrizable, so
FinW(X) is σ -completely metrizable.
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Proof. For each A ∈ CldW(X)\Fink(X), choose distinct k+1 many points a1, . . . , ak+1 ∈
A and let r = 12 min{d(ai, aj ) | i = j }> 0. Then
A ∈
k+1⋂
i=1
U−(ai, r)⊂ CldW(X) \ Fink(X).
Therefore, CldW(X) \ Fink(X) is open in CldW(X), that is, Fink(X) is closed in
CldW(X). 
Proposition 7.2. For every separable normed linear space X, FinW(X) is a Zσ -space.
Proof. It suffices to show that each Fink(X) is a Z-set in FinW(X). By using distinct k+1
many points v1, . . . , vk+1 ∈ X \ {0},10 we define a homotopy ζ : FinW(X)× I → FinW(X)
as follows:
ζ(A, t) =
{
A if t = 0,
A∪ t−1{v1, . . . , vk+1} if t > 0.
For each map α : FinW(X) → (0,1), define η : FinW(X) → (0,1] by
η(A)= sup{t > 0 | diamdW ζ ({A} × [0, t])< α(A)}.
Then η is lower semi-continuous. Indeed, if η(A) > s then we have s < s′ < η(A) and
ε = α(A)− diamdW ζ
({A} × [0, s′])> 0.
By the continuity of ζ and α, we have δ > 0 such that if A′ ∈ FinW(X) and dW(A,A′) < δ
then |α(A)− α(A′)|< 13ε and dW(ζ(A, t), ζ(A′, t)) < 13ε for all t ∈ [0, s′], whence
diamdW ζ
({
A′
}× [0, s′]) diamdW ζ ({A} × [0, s′])+ 23ε
= α(A)− 1
3
ε < α
(
A′
)
,
which means that η(A′) s′ > s.
Now, we define a map f : FinW(X) → FinW(X) \ Fink(X) as follows:
f (A)= ζ (A,β(A))=A∪ β(A)−1{v1, . . . , vk+1},
where β : FinW(X) → (0,1) is a map such that β(A) < η(A). Observe that dW(f (A),A) <
α(A) for each A ∈ FinW(X). This completes the proof. 
Remark. In case X is an infinite-dimensional separable Banach space, we have CldW(X) ≈
2 by Theorem I. On the other hand, FinW(X) is homotopy dense in CldW(X) by Theo-
rem III. Due to the remark before Theorem 2.5, it follows that every Z-set in FinW(X) is
a strong Z-set. Therefore, each Fink(X) is a strong Z-set in FinW(X). However, without
infinite-dimensionality of X, this can be obtained in the above proof by showing that
Fink(X) ∩ clf (FinW(X))= ∅.
10 In case dimX > 1, we can take v1, . . . , vk+1 ∈ SX .
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To this end, assume that there exist An ∈ FinW(X), n ∈ N, such that A =
limn→∞ f (An) ∈ Fink(X). Then we shall find a contradiction in both cases infn∈N β(An) =
0 and infn∈N β(An) > 0.
When infn∈N β(An) = 0, we may assume that limn→∞ β(An) = 0. For each ε > 0,
choose i0 ∈N so that 2−i0 < ε and let
c = min{‖v1‖, . . . ,‖vk+1‖}> 0.
Since dW(f (An),A)→ 0 and β(An)−1c → ∞ as n→ ∞, we can find n0 ∈N such that
n n0 ⇒ dW
(
f (An),A
)
< 2−i0−1,
β(An)
−1c > max
{‖xi‖ + d(xi,A)+ 2−i0−1 | i = 1, . . . , i0},
where {xi | i ∈N} ⊂X is the dense set defining dW . Then, for each n n0 and i  i0,
β(An)
−1c− ‖xi‖> d(xi,A)+ 2−i0−1 > d
(
xi, f (An)
)
,
hence d(xi, f (An)) = d(xi,An), which implies dW(f (An),An)  2−i0−1. Since
dW(f (An),A) < 2−i0−1, it follows that dW(An,A) < 2−i0 < ε. Thus, (An)n∈N converges
to A, hence limn→∞ β(An)= β(A) > 0, which is a contradiction.
When infn∈N β(An) > 0, we may assume that limn→∞ β(An) = b > 0. Now, we shall
show that zj = b−1vj ∈A for each j = 1, . . . , k+1, which would contradict A ∈ Fink(X).
Suppose zj /∈ A and choose ij ∈N so that ‖xij − zj‖< 14d(zj ,A), whence
d(xij ,A) d(zj ,A)−‖xij − zj‖ >
3
4
d(zj ,A).
For sufficiently large n ∈N,∣∣b−1 − β(An)−1∣∣ · ‖vj‖ < 14d(zj ,A), and
dW
(
A,f (An)
)
< min
{
2−ij ,
1
4
d(zj ,A)
}
,
whence |d(xij ,A)− d(xij , f (An))|< 14d(zj ,A). Since βn(A)−1vj ∈ f (An), we have
d
(
zj , f (An)
)

∥∥zj − βn(A)−1vj∥∥
= ∣∣b−1 − β(An)−1∣∣ · ‖vj‖ < 14d(zj ,A),
whence it follows that
d(zj ,A)
∣∣d(zj ,A)− d(zj , f (An))∣∣+ d(zj , f (An))
 2‖zj − xij ‖+
∣∣d(xij ,A)− d(xij , f (An))∣∣+ d(zj , f (An))
<
1
2
d(zj ,A)+ 14d(zj ,A)+
1
4
d(zj ,A)= d(zj ,A).
This is a contradiction.
Proposition 7.3. If X is an infinite-dimensional separable Banach space, then every open
set W ⊂ FinW(X) is universal for separable completely metrizable spaces.
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Proof. Let Y be a separable completely metrizable space and f :Y →W a map. For each
map α :W → (0,1), let γ :W → (1,∞) be the map obtained by Lemma 3.1, where H =
FinW(X). We take a map β0 :W → (0,1) such that β0(A)−1 > γ (A) for each A ∈ W . For
n ∈N, we define a map βn :W → I as follows:
βn(A)= min
{
(n+ 1)−1, β0(A),β0(A)dW
(
A,Finn(nBX)
)}
.
Note that n+ 1 βn(A)−1 if βn(A) = 0 and βn(A)−1  βn+1(A)−1 if βn+1(A) = 0. For
each A ∈W , define k(A) ∈N by
A ∈ Fink(A)(k(A)BX) \ Fink(A)−1((k(A)− 1)BX).
Then βn(A) = 0 for n < k(A) and βn(A)= 0 for n k(A).
Since SX ≈ 2 by Proposition 4.4, there exists a closed embedding h :Y → SX . Take
vn ∈ SX , n ∈N ∪ {0}, so that ‖vn − vm‖ > 12 for n = m (Riesz’ Theorem [16, p. 16]). For
each n =m and 2 t  s,
‖svm − tvn‖max
{‖svm‖− ‖tvn‖,∥∥t (vn − vm)∥∥− ∥∥(s − t)vm∥∥}
max
{
s − t,1 − (s − t)} 1
2
.
We define a map g :Y → FinW(X) as follows:
g(z) = f (z)∪
{(
βn
(
f (z)
)−1 + 2)vn,
(
βn
(
f (z)
)−1 + 1)vn + 18h(z)
∣∣∣ n < k(f (z))},
where βn(f (z)) = 0 for n  k(f (z)), which guarantees the continuity of g. By (∗) in
Lemma 3.1, g is α-close to f and g(z) ∈ W . Observe that(
βk(f (z))−1
(
f (z)
)−1 + 2)vk(f (z))−1
is the farthest point of g(z) from 0 ∈X and, for each n < k(f (z)),
g(z) ∩
((
βn
(
f (z)
)−1 + 1)vn + 18SX
)
=
{(
βn
(
f (z)
)−1 + 1)vn + 18h(z)
}
.
To see that g is injective, let z = z′ ∈ Y . In case k(f (z)) = k(f (z′)), assume k(f (z)) >
k(f (z′)). Then it follows that(
βk(f (z))−1
(
f (z)
)−1 + 2)vk(f (z))−1 /∈ (βk(f (z′))−1(f (z′))−1 + 2)BX and
g(z′)⊂ (βk(f (z′))−1(f (z′))−1 + 2)BX,
so g(z) = g(z′). When k(f (z))= k(f (z′))= k, if(
βk−1
(
f (z)
)−1 + 2)vk−1 = (βk−1(f (z′))−1 + 2)vk−1
then g(z) = g(z′) because they are the farthest points of g(z) and g(z′) from 0 ∈ X. Other-
wise, we have(
βk−1
(
f (z)
)−1 + 1)vk−1 = (βk−1(f (z′))−1 + 1)vk−1,
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which we denote by p. Since h is an embedding, we haveg(z) ∩
(
p + 1
8
SX
)
=
{
p + 1
8
h(z)
}
=
{
p + 1
8
h(z′)
}
= g(z′) ∩
(
p + 1
8
SX
)
,
hence g(z) = g(z′).
To see that g is a closed map, let yi ∈ Y , i ∈ N, and assume that g(yi) → G ∈ W . For
each n ∈N∪ {0}, let
bn = lim inf
i→∞ βn
(
f (yi)
) ∈ [0, (n+ 1)−1].
Then 1  b0  b1  · · ·  0. Moreover, b0 > 0. Otherwise, by taking a subsequence, we
can assume that β0(f (yi)) → 0. Then it follows that f (yi) → G, hence β0(f (yi)) →
β0(G) = 0, which is a contradiction.
Assume bm = 0 and bm+1 = 0. By taking a subsequence, we can assume that
βm(f (yi))→ bm and βm+1(f (yi))→ 0. Since
d
((
b−1m + 2
)
vm,G
)
 lim
i→∞ d
((
b−1m + 2
)
vm,g(yi)
)
 lim
i→∞
∣∣b−1m − βm(f (yi))−1∣∣= 0,
we have (b−1m + 2)vm ∈ G ⊂ k(G)BX , hence m + 3  b−1m + 2  k(G), that is,
m k(G)− 3. On the other hand, since lim infi∈N β0(f (yi)) = b0 > 0 and bm+1 = 0,
we have
dW
(
f (yi),Finm+1
(
(m+ 1)BX
))→ 0.
Moreover, observe that
lim inf
i→∞ dW
(
f (yi),Finm(mBX)
)
 bm/b0 > 0.
Thus, we can find
Fi ∈ Finm+1
(
(m+ 1)BX
) \ Finm(mBX), i ∈N,
so that dW(Fi, f (yi))→ 0. For each i ∈N, let
Gi = Fi ∪
{(
βn
(
f (yi)
)−1 + 2)vn,
(
βn
(
f (yi)
)−1 + 1)vn + 18h(yi)
∣∣∣ n < k(f (yi))
}
.
Then Gi →G as i → ∞. Observe that∥∥(βm(f (yi))−1 + 2)vm∥∥= βm(f (yi))−1 + 2 > βm(f (yi))−1 + 98

∥∥(βm(f (yi))−1 + 1)vm + 18h(yi)
∥∥
 βm
(
f (yi)
)−1 + 7
8
>m+ 3
2
.
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Since Fi ⊂ (m+ 1)BX and βm(f (yi))−1 → b−1m , it follows that (h(yi))i∈N is convergent,
which implies that (yi)i∈N is convergent because h is a closed embedding.
By Proposition 7.2, g(Y ) is a Zσ -set in W . Since g(Y ) ≈ Y is completely metrizable,
g(Y ) is a Z-set in W by [9, Lemma 2.4]. Thus, g :Y → W is a Z-embedding. This com-
pletes the proof. 
Proof of Theorem II for FinW (X). By Theorems I and III, FinW(X) can be regarded as a
homotopy dense set in 2. It has been shown that FinW(X) is σ -completely metrizable Zσ -
space (Propositions 7.1 and 7.2), and every open set in FinW(X) is universal for separable
completely metrizable spaces (Proposition 7.3). Thus, we have FinW(X) ≈ 2 × f2 by
Theorem 2.5. 
8. The relative Wijsman topology
Let X = (X,d) be a metric space. For H ⊂ CldW(X) and Y ⊂ X, we denote H|Y =
{A ∈ H | A ⊂ Y }. Without any condition, we have Fin(X)|Y = Fin(Y ) and Comp(X)|Y =
Comp(Y ) as sets. Moreover, note that Cld(Y ) = Cld(X)|Y if and only if Y is closed in
X. By example in Section 2, even if Y is closed in X, FinW(X)|Y = FinW(Y ) (hence
Comp(X)|Y = Comp(Y ) nor CldW(X)|Y = CldW(Y )) as spaces in general.
In this section, we give some sufficient conditions in order that CldW(X)|Y is an ANR
or FinW(X)|Y is homotopy dense in CldW(X)|Y . As a special case, Theorem IV can be
obtained. Remark that both CldW(X)|Y and FinW(X)|Y are subsemilattices of the Lawson
semilattice CldW(X).
Lemma 8.1. Let X be an arbitrary metric space with Y ⊂ X a separable path-connected
closed set. For each A,B ∈ CldW(X)|Y , there exists a path ϕ : I → CldW(X)|Y such that
ϕ(0)= A, ϕ(1)= B , A ⊂ ϕ(t) for t  12 and B ⊂ ϕ(t) for t  12 .
Proof. It suffices to construct a path ξ : I → CldW(X)|Y from A to Y such that each ξ(t)
contains A. Let {yn | n ∈ N} be dense in Y with y1 ∈ A. For each n ∈ N, we have a path
ξn : I → Y with ξn(0) = yn and ξn(1) = yn+1. The desired path ξ : I → CldW(X) can be
defined as follows:
ξ(t) =
{
Y if t = 0,
A∪⋃n−1i=1 ξi(I)∪ ξn([0, t−1 − n]) if (n+ 1)−1 < t  n−1.
Clearly, ξ is continuous at each t > 0. To see the continuity of ξ at t = 0, for each x ∈ X
and ε > 0, we can choose n ∈ N so that d(x, yn) < d(x,Y ) + ε, whence 0 < t  n−1
implies
d(x,Y ) d
(
x, ξ(t)
)
 d(x, yn) < d(x,Y )+ ε.
This means that ξ is continuous at t = 0. 
In the following result, the case Y =X is Theorem IV for CldW(X).
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Theorem 8.2. Let X be a separable metric space and Y ⊂ X a closed set such that for
any finitely many open balls B1, . . . ,Bn in X, Y \⋃ni=1 Bi has only finitely many path-
components, all of which are closed in X. Then the space CldW(X)|Y is an ANR.
Proof. By in [3, Proposition 3.2] (i.e., the case X = Y in Theorem 5.1) it suffices to show
that CldW(X)|Y is locally path-connected. This can be proved similarly to Proposition 6.4
but one should note that for any finitely many open balls B1, . . . ,Bn in X, no components
of Y \⋃ni=1 Bi are here assumed to be compact nor unbounded.
Let A ∈ CldW(X) and U a neighborhood of A in CldW(X). Then
A ∈
m⋂
i=1
U−(pi, ri )∩
n⋂
j=1
U+(qj , sj ) ⊂ U,
for some pi ∈ A, qj ∈ X \A and ri, sj > 0. Choose
0 < ε < min
{
d(qj ,A)− sj | j = 1, . . . , n
}
and let Y1, . . . , Yl be all path-components of Y \⋃nj=1 B(qj , sj + ε), where Yk ∩ A = ∅
for k  l0 and Yk ∩A = ∅ for k > l0. Note that each Yi is open in Y \⋃nj=1 B(qj , sj + ε)
and A is strongly disjoint from⋃nj=1 B(qj , sj + ε). For each k = 1, . . . , l0, we can choose
pm+k ∈ Yk ∩ A and rm+k > 0 so that B(pm+k , rm+k) ∩ Y ⊂ Yk . Since A ⊂⋃l0k=1 Yk , it
follows that
⋃l
k=l0+1 Yk is covered by open balls which are strongly disjoint from A. It can
be assumed that l0 < k  l1 if and only if Yk cannot be covered by finitely many open balls
which are strongly disjoint from A. We can find y1, . . . , yν ∈ X and δ1, . . . , δν > 0 such
that
l⋃
k=l1+1
Yk ⊂
ν⋃
i=1
B(yi, δi) and A ∈
ν⋂
i=1
U+(yi, δi).11
Thus, we have the following neighborhood of A:
V =
m+l0⋂
i=1
U−(pi, ri) ∩
n⋂
j=1
U+(qj , sj + ε)∩
ν⋂
i=1
U+(yi, δi)⊂ U .
For each B ∈ V|Y , we construct a path in U |Y from B to A. Then it would follow that
CldW(X)|Y is locally path-connected. Note that B ⊂⋃l1k=1 Yk . Let
Λ = {k′ | l0 < k′  l1, B ∩ Yk′ = ∅}.
For each k′ ∈Λ, take zk′ ∈ B ∩Yk′ and define B∗ = {zk′ | k′ ∈ Λ}. By Lemma 8.1, for each
k = 1, . . . , l0, we have a path ϕk : I → CldW(X)|Yk such that ϕk(0) = B ∩ Yk , ϕk(1) =
A∩ Yk , B ∩ Yk ⊂ ϕk(t) for t  12 and A∩ Yk ⊂ ϕk(t) for t  12 . By Lemma 8.1 again, for
each k′ ∈ Λ, we have a path ϕk′ : I → CldW(X)|Yk′ such that ϕk′(0) = B ∩ Yk′ , ϕk′(1) =
11 See Footnote 6.
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{zk′ } and zk′ ∈ ϕk′(t) for each t ∈ I. Then B can be connected to A ∪ B∗ by the path
ϕ : I → CldW(X)|Y defined by
ϕ(t) =
l0⋃
k=1
ϕk(t)∪
⋃
k′∈Λ
ϕk′(t) each t ∈ I.
Since each ϕ(t) contains A or B and
ϕ(t) ⊂
l1⋃
k=1
Yk ⊂ Y \
n⋃
j=1
B(qj , sj + ε),
it follows that ϕ(I)⊂ U |Y .
For each k′ ∈ Λ, we shall construct an infinite path ψk′ : [1,∞)→ Yk′ with ψk′(1)= zk′
which has the following property:
(‡) for each n ∈N, there is some t0 > 0 such that
t  t0 ⇒ d
(
xi,ψk′ (t)
)
> d(xi,A)− 1
n
for i  n,
where {xi | i ∈ N} is a countable dense subset of X defining the metric dW . Then we can
define a path ψ : I → V from A to A∪B∗ as follows:
ψ(s) =
{
A if s = 0,
A∪⋃k′∈Λψk′(s−1) i s > 0.
For each n ∈N, we use the property (‡) to find t0 > 0 so that
t  t0 ⇒ d
(
xi,ψk′(t)
)
> d(xi,A)− 1
n
for i  n and k′ ∈ Λ.
Then, s  t−10 implies dW(ψ(t),A) < 1/n because for i  n,
d(xi,A)− 1
n
< min
{
d(xi,A), d
(
xi,ψk′
(
s−1
)) | k′ ∈Λ}
= d(xi,ψ(s)) d(xi,A),
hence |d(xi,ψ(s)) − d(xi,A)|< 1/n.
Now, let k′ ∈Λ be fixed. We construct an infinite path ψk′ : [1,∞)→ Yk′ with ψk′(1)=
zk′ and property (‡). Enumerate as B1,B2, . . . all open balls of the form B(xi, α), where
0 < α < d(xi,A) and α ∈ Q. By the assumption, for each n ∈ N, Yk′ \⋃ni=1 Bi has fi-
nitely many path-components Hn1 , . . . ,H
n
a(n). Let T = {Hni | n ∈ N, i = 1, . . . , a(n)}.
Since every Bi is strongly disjoint from A and l0 < k′  l1, Yk′ cannot be covered by
finitely many Bi ’s, hence T is infinite. Thus, (T ,⊃) is a finitely-branching infinite tree. By
König’s Lemma, T contains an infinite branch H 1i(1) ⊃H 2i(2) ⊃ · · · .
For each n ∈ N, pick vn ∈ Hni(n) and a path fn : I → Hn−1i(n−1) with fn(0) = vn−1 and
fn(1)= vn, where H 0i(0) = Yk′ and v0 = zk′ . By joining the paths f1, f2, . . . , we can define
a path ψk′ : [1,∞)→ Yk′ , that is, ψk′(t) = fn(t − n) for n t  n+ 1. Then ψk′(1)= zk′ .
To verify condition (‡), let n ∈N. For each i = 1, . . . , n, choose αi ∈Q so that d(xi,A)−
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1/n < αi < d(xi,A). Then we have m ∈ N such that all balls B(x1, α1), . . . ,B(xn,αn)
appear in B1, . . . ,Bm. For t > m, choose m′ m so that m′  t < m′ + 1, whence
ψk′(t) = fm′ (t −m′) ∈ Hm′i(m′) ⊂Hmi(m)
⊂ Yk′ \
(
B(x1, α1)∪ · · · ∪B(xn,αn)
)
.
Therefore, d(xi,ψk′(t))  αi > d(xi,A) − 1/n for every i  n. Thus, ψ has property
(‡). 
In the above, we use Proposition 6.3 instead of Lemma 8.1 to obtain the following result,
which in the case Y =X is Theorem IV for FinW(X).
Theorem 8.3. Let X be a separable metric space and Y ⊂X a path-connected subset such
that for any finitely many open balls B1, . . . ,Bn in X, Y \⋃ni=1 Bi has only finitely many
path-components which are closed in Y \⋃ni=1 Bi . Then the space FinW(X)|Y is an ANR.
In the same setting as above, Theorem III can be generalized as follows:
Theorem 8.4. Let X be a separable metric space and Y a path-connected subset of X
such that for any finitely many open balls B1, . . . ,Bn in X, Y \⋃ni=1 Bi has finitely many
path-components which are compact or unbounded closed in Y \⋃ni=1 Bi (respectively all
are unbounded closed in Y \⋃ni=1 Bi ). Then FinW(X)|Y is homotopy dense in CldW(X)|Y
and CldW(X)|Y is an ANR (respectively an AR).
The proof of this theorem is left to the readers.
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